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New Statistical Tools to Study Heritability of the Brain
(Great data ... new challenges)

Australian Statistical Conference in conjunction with
the Institute of Mathematical Statistics Annual Meeting

Sydney, July 10, 2014

with B. Liquet, P. Sachdev, A. Thalamuthu, and W. Wen.
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Quality of brain fibres can impact quality of life

White matter (WM) comprises long myelinated axonal fibres generally regar-
ded as passive routes connecting several grey matter regions to permit flow of
information across them (brain networks).
• Elucidation of the genes involved in WM integrity may clarify the re-

lationship between WM development and atrophy (e.g., Leukoaraiosis), or
between WM integrity and age-related decline and disease (e.g., Alzheimer
[Teipel et al., 2014]).

• This may help to suggest novel preventative (modification of environmental
factors, if no genes are involved) or treatment (gene therapy) strategies for
WM degeneration [Kanchibhotla et al., 2013].
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OATS study

We will use the Old Australian Twin Study (OATS) [Sachdev et al., 2009] data
set, that was built by members of the Centre for Healthy Brain Ageing (CHeBA),
here in Sydney : http://cheba.unsw.edu.au.

The OATS cohort was aged 65–88 at baseline (now has 3 waves of data over 4
years). The variables measured on the twins are : Zygosity, Age, Sex, Scanner
information, MRI measures, genetic information, etc.

We want to rely the genetic information to some brain charactetistics.

New hot field of NeuroImaging Genetics !

Let us first start by introducing neuroimaging concepts !
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Diffusion MRI or Diffusion Tensor Imaging (DTI)

Water molecular diffusion in white matter in the brain
is not free due to obstacles (fibres = neural axons). Water
will diffuse more rapidly in the direction aligned with the in-
ternal structure, and more slowly as it moves perpendicular
to the preferred direction.

In the diffusion tensor model, the (random vector of) water molecules’ displace-
ment (diffusion) X ∈ R3 at voxel k (with center µk) follows a N3(µk,Σk) law.
The convention is to call D = Σ/2 the diffusion tensor, which is estimated at
each voxel in the image from the available MR images.

The principal direction of the diffusion tensor (first ei-
genvector of D) can be used to infer the white-matter
connectivity of the brain (i.e., tractography = fibre tra-
cking).
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Studying the heritability of the CerebroSpinal Tract (CST)

Main fibre tract of the brain (from brainstem to motor cortex).
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Visualization of fibres data set using our script rgl-fibres.R

What sort of modelling can we use for these data ?
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The Halfspace Depth : Centrality of a Point

[Tukey, 1975] introduced the notion of depth a point w.r.t. a multivariate dataset,
which can be extended to the depth of a point w.r.t. to a probability distribution.

Let Q be a distribution on Rd.
The halfspace depth of x ∈ Rd with respect to Q is

D(x|Q) = inf{Q(H), x ∈ H closed halfspace}
= inf{Q(Hu,x), u ∈ S}

where Hu,x = {y ∈ Rd : y>u ≥ x>u}, S is the unit sphere of Rd.

Let Xm = (X1, . . . , Xm) be an i.i.d. sample of Q.
The halfspace depth of x ∈ Rd with respect to Xm is

D(x|Xm) = inf


1
m

m∑
i=1

1X>i u≥x>u, u ∈ S
 .
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Halfspace data depth
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Unparametrized Curves

Let (Rd, | · |2) be the Euclidean space.

A path (or parametrized curve) is a continuous map γ : [a, b] → Rd, where
a < b. Sγ = γ([a, b]), the image of γ, is the locus of γ.

Two paths γ1 and γ2 are said equivalent, noted γ1Rγ2, if Sγ1 = Sγ2 and if they
visit the points of Sγ1 in a same order.

An unparameterized curve C := Cγ is the equivalence class of γ up to the
equivalence relation R. All members γ of this class have the same locus SC =
γ([a, b]) and visit it in the same order.
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The Space of Unparametrized Curves

Let C([0, 1],Rd) be the space of continuous functions from [0, 1] to Rd. The space
of unparametrized curves is

Γ = {Cγ : γ ∈ C([0, 1],Rd)}.

Proposition
Endowing Γ with the metric

dΓ (C1, C2) = inf {‖γ1 − γ2‖∞, γ1 ∈ C1, γ2 ∈ C2} , C1, C2 ∈ Γ,

where ‖γ‖∞ = supt∈[0,1] |γ(t)|2, the metric space (Γ, dΓ) inherits the property of
separability and completeness from C([0, 1],Rd).

Every probability measure defined on Γ is regular and tight, and there exists a
non-atomic measure on (Γ, dΓ).

11



The Length of a Curve

Let C be an unparametrized curve.
Let γ : [a, b]→ Rd be a parametrization of C, γ ∈ C.
Let a = τ0 < τ1 < · · · < τN = b be a subdivision of [a, b].

The length of C :

L(C) = sup
τ


N∑
i=1
|γ(τi)− γ(τi−1)|2 : τ is a partition of [a, b]

 .

An unparametrized curve C is called rectifiable if L(C) is finite.
Proposition [Väisälä, 2006] : the normal parametrization
Let γ : [a, b]→ Rd be a rectifiable path, ` = L(Cγ),

φ : [a, b]→ [0, `], φ(t) = L
(
γ?|[a,t]

)
.

There exists a unique path γ? : [0, `]→ Rd : γ = γ? ◦ φ and L
(
γ?|[0,t]

)
= t.

12



The line integral along a curve

Let C be a rectifiable unparameterized curve, ` = L(C).
Let γ : [0, `]→ Rd be the normal parametrization of C, γ ∈ C.

For a non-negative Borel function f : Rd → Rd, the line integral of f over C
is : ∫

C f (s)ds :=
∫ `
0 f (γ(t)) dt.

The probability measure associated to C is

∀A ∈ B
(
Rd

)
, µC(A) = 1

L(C)
∫
C 1A(s)ds.

Roughly speaking, µC(A) can be interpreted as the “portion” of the length of
curve C inside A to the total length of C.
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The Statistical Model

P = {P, a probability on (Γ, dΓ) : P ({C ∈ Γ : 0 < L(C) <∞}) = 1} .

Let X be a random element of Γ with distribution P ∈ P .

∀A ∈ B
(
Rd

)
, QP (A) =

∫
Γ µC(A)dP (C).

We define a random vector X of Rd :

X ∼ QP and L (X|X = C) = µC


X1, . . . ,Xn are i.i.d. from P ∈ P ,
and, for all i = 1 . . . n,

Xi,1, . . . , Xi,mi
are i.i.d. and L(Xi,j|Xi) = µXi

.

14



The sample (blue points)


X1, . . . ,Xn are i.i.d. from P ∈ P ,
and, for all i = 1 . . . n,

Xi,1, . . . , Xi,mi
are i.i.d.

L(Xi,j|Xi) = µXi
.

The curve C (red points)


Y1, . . . , Xb+c are i.i.d.
L(Yi) = µC.
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Depth for a curve C with respect to P

Let C be a rectifiable curve in Γ.

The Tukey curve depth of C w.r.t. P is defined as,

D(C, P ) :=
∫
CD(s|QP , µC)dµC(s),

where
D(x|QP , µC) := inf

u∈Sd


QP (Hu,x)
µC(Hu,x)

 ,

with the convention 0/0 = 0.

We obtained various theoretical properties of D (e.g., it takes values in [0, 1],
similarity invariance, vanishing at infinity). We also defined an empirical version
of D(C, P ) and proved its (weak) consistency.
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Hu1,x1

x1

For u and x fixed, recall that µC(Hu,x) measures which fraction of length of
the curve C delves into the half-space Hu,x, whereas QP (Hu,x) measures which
expected fraction of length of a curve X ∼ P delves into Hu,x. Consequently, the
ratio QP (Hu,x)/µC(Hu,x) is small when we expect curves generated according to
P to enter less deeply into Hu,x than the curve C.
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The results using our R package CurveDepth

http://biostatisticien.eu/DataDepthFig4Left/

18
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Curve Registration for 64 brain bundles

Subject 104 Subject 110 Subject 131

Figure – Illustration of the registration process. The red and the dark blue curves are
respectively the deepest curves before registration of the respective subject and subject
235, the subject whose deepest curve is the deepest of all. We bring the red curve as close
as possible (in terms of the distance ) to the dark blue curve. The transformed curve (after
registration) is the light blue curve. Distances from each curve to the deepest one (dark
blue) before (red) and after (light blue) registration are 10.271 and 3.245 (for subject
104), 4.539 and 3.395 (for subject 110), 3.329 and 2.084 (for subject 131), respectively.
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11029 vs. 12029 (DZ) 11072 vs. 12072 (DZ) 11155 vs. 12155 (DZ)
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